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Abstract 

Let G„ = GL„(i ? ), where F is a non-archimedean local field with 
residue characteristic p. Our starting point is the Bernstein-decomposition 
of the representation category of G n over an algebraically closed field of 
■ characteristic I ^ p into blocks. In level zero, we associate to each block 

' a replacement for the Iwahori-Hecke algebra which provides a Morita- 

\^ , equivalence just as in the complex case. Additionally, we will explain how 

' this gives rise to a description of an arbitrary G„-block in terms of simple 

G m -blocks (for m < n), paralleling the approach of Bushnell and Kutzko 
^s^j . in the complex setting. 
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1 Introduction 

Consider the group G = G n = GL n (F), where F is a local non-archimedean field 
with residue characteristic p. As part of the Bernstein-decomposition, it is now 
a classical result that the category 9\c(G) of smooth, complex G-representations 
decomposes as 

^c(G) = ( Mc,(#>,p)(G)\ © positive-level part, (1.1) 

where 

• (&,p) runs through all equivalence classes of level-0 G-types: @> C G 
is a parahoric subgroup (see Definition I2.6P and p a ^-representation 
inflated from a supercuspidal representation ~p of the reductive quotient 
^/^(l) = M. Up to equivalence (see Definition I2.10[> . we can assume 
that (.^ > ,p) is in an arranged form, i. e. 

k 

M = H(GL ni (q)) mi and p = ^ =1 (^) m % 

i=l 

where k,ni,rn,i S N with n^m^ = n and each p 4 is a supercuspidal 

Gh ni (^-representation with 'p i ^ for i ^ j. 

• The subcategory 5Hc,(^>,p)(G) consists of representations which have all 
their irreducible subquotients isomorphic to subquotients of ind^, (p) . 

This reduces the representation theory of G to an investigation of the blocks 
9lc,(5«,p)- Bushnell and Kutzko provided in [8] a Morita-equivalenc43 

£Kc,(*,/0 = *?{G, p) -Mod, (1.2) 

1 Technically speaking, this is not a Morita-equivalence as there is just one ring. Anyways, 
the alternative characterisation of HI. 211 as Jif(G)rgn „^ = ^ (G, p) (with ffi{G)t cp> „\ 

Morita 

the part of the global Hecke algebra Jf(G) lying in !Rc,( 5 s , p)) justifies this abuse of notation. 
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where Jf(G, &,p) = EndG(ind%(p)) is the Iwahori-Hecke algebra associated 
to the type (&,p). For a simple type (i. e. with k — 1), they established in [7] 
an isomorphism 

Jf?(G, 3*, p) = Jf(GL mi (F ni ), I, Qriv), (1.3) 

where F ni is the unramified extension of F with degree n\ and / denotes the 
Iwahori-subgroup of GL mi (F" 1 ). Modules over Hecke algebras of this kind were 
classified by Kazhdan-Lusztig and Ginzburg. 

As a final step, Bushnell and Kutzko decompose in [5] the Hecke algebra of a 
general type as 

Jf(G,^,p)^<^)Jff(G mini ,^ i ,p i ), (1.4) 
i 

where all occurring pairs pi) are simple G miTli -types and can henceforth be 
treated as in 1)1.30 . 

If one replaces the base field C by some algebraically closed field R of positive 
characteristic I ^ p, the decomposition 1)1.10 carries over. Although types and 
Hecke algebras can still be defined and continue to be an important concept, one 
loses the Morita-equivalence of 1)1.20 . Therefore, a different concept is needed if 
one is interested in the structure of the blocks. The main achievement of this 
paper is the construction of a pair (& nax , p) (called the supercover) which is a 
suitable replacement for the type in the sense that it provides both a Morita- 
equivalence like 1)1.21) and a tensor-decomposition like 1)1.41) : 
Let (5 s , p) be a type given in the arranged form as described above, then we 
can form the unique standard parahoric subgroup <5^ max with reductive quotient 

k 

M max = JjGL niOTi (g). 

i=l 

M. is a Levi-subgroup of A4 ma _ x and we can consider the Harish-Chandra induced 
i^J max (p). Denote by \1/ the set of isomorphism classes of irreducible subquotients 
of i^j max (p). Any (representative of an) element of VP can be written as M^ =1 Xi, 
where Xi is an irreducible representation of GL nimi (q). Any such Xi admits a 
projective cover X±. Then X := ^ =1 Xi can be inflated to a ^ max -representation 
X and we set (cf. Definition 13.10 

xe* 

In Section|4] we study the induced supercover ind^a (p). It follows from certain 
properties of the Harish-Chandra functor i^} max (collected in Section [2~!6| and a 
special instance of the Mackey-decomposition for parahoric functors (Section 
12.40 that md% (p) is a progenerator in ^Kri^ iP ). This implies directly the 
announced Morita-equivalence (Theorem 14.20 : 

£R(3» lP ) = ^(G, ^ ma x,,5)-Mod 
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The decomposition of Jf?(G, ^max, p) as a tensor product is technically more 
involved. The crucial ingredient is a disjointness argument (Proposition 15.21) 
based on the work of Dipper, James and Green on (modular) representations of 
GL„(g). In Section[Sl we use this to first give an upper bound on the intertwining 
of 

Hom G (indg^ (X) , indf^ (Y )) 

for arbitrary X, Y e ^. Using the general methods of Section [5~4l we are able to 
lift this to an upper bound on the intertwining of J^(G, & mSLX , p) (see Theorem 
15.71) . This is sufficient to use an argument of Vigneras implying the tensor- 
decomposition: Denote by (Jtl, pi) the supercover of the simple GL nimi (F)-type 
(^i,pi), where 

• j£i = Gh niTni {0)] 

• is the unique parahoric subgroup of GL„ iI7li (F) with reductive quotient 
M i = {GL ni (q)) mi ; 

• pi is inflated from the A^j-representation 
Then we establish (cf. Theorem 16. IJ 

^(G,^ max ,p) S 6?) (GL njmi (F) ,Jti,pi). 

Morita *y 

We repeat that 

(G) = Jtf(G, ^ ma x,p)-Mod, 
m ( & i!Pi) ( GL n(m< (F)) S JT(GL n<m< (F),J%, p.) -Mod. 

This reduces the study of a general (called semisimple) block to simple blocks 
just as Bushncll-Kutzko theory does in the complex setting. Expressed in sloppy 
words, this tells us that semisimple blocks are built up from simple ones in the 
easiest possible way, i. e. all 'mysterious' things happen in the formation of 
simple blocks from their supercuspidal parts. This is reflected by the fact that 
cuspidal non-supercuspidal representations (whose existence is a unique feature 
of the modular case) can occur only in simple blocks^. Moreover, from the 
definition of the supercover it is clear that all modular complications in the rep- 
resentation theory of G come from modular complications in the representation 
theory of finite linear groups: If for two choices £, £' the representation theories 
of GL m (q) are identical (and we ask for this to hold for all m < n), then the 
level-0 parts of the representation theories of G are identical over £ and over £'. 

In Section [3 we demonstrate how our technique can be used to study the small- 
est non-trivial example: 

. G = GL 2 (Q p ); 

2 This follows from a (possibly iterated) application of |19| , Claim III. 3. 15.2. 
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• (I, p) with / the Iwahori subgroup and p inflated from a F* x F* -character 
Px <E>p 2 with p x ^ p 2 - 

There is a subgroup (Z*)( £ ) of Z* with pro-order prime to I such that the 
quotient is a finite ^-group. We can define the subgroup 



m = A z p) (/) z p 
1 *p (z*)W 



c / 



and prove 

9t(/, p) (G) S jr(G,7W,p|jW)-Mod. 

Additionally, we get 

JT(G,jW,p|/<fl)s (g) i?[Q p /(Z p x )W 

two copies 

where the category of modules over R [Q P /(Z*)W] is equivalent to the umpo- 
tent block (i. e. the block containg the trivial representation) of 9^(GLi(F)). 

It is desireable to generalise results about GL„ (F) to arbitrary reductive p-adic 
groups. In our case, the first obstacle would be the Bernstein-decomposition 
which gets more complicated (cf. Thm. III. 6 in [3D] ). Although it might still be 
possible to define the supercover in some more general situations, it is ultimately 
the use of certain results on GL„ (q) (which are not available in greater gener- 
ality) what limits our techniques to the situation studied in this paper. This 
doesn't come as a surprise, given that in the complex case the Bushnell-Kutzko 
results can be generalised neither easily nor completely to reductive groups. 
Another question is whether there are connections between the supercover of a 
simple type and the supercover of (7,i? t riv) for some other group, paralleling 
(|I.3I) in the complex case. Together with the task of generalising the presented 
results to positive-level blocks, this poses interesting topics for future research. 

This work was partly inspired by conversations with Marie-France Vigneras. 
The major part of the research was conducted during a visiting stay at Bar-Ilan 
University. The author wants to thank Michael Schein for hosting this stay, for 
his valuable support and for his comments on this paper. The author wants to 
thank Maarten Solleveld for comments and corrections on this paper, leading 
(among other things) to the present formulation of Proposition I2.3l v. 



2 Preliminaries 

Fix two prime numbers p ^ t. Let F be a local non-archimedean field with ring 
of integers O, some fixed uniformiser w, maximal ideal *}3 = vjO and residue field 
k = W q , where q is some power of p. Moreover, let R be an algebraically closed 
field of characteristic I such that R arises as residue field in some ^-modular 
system (R, O k ,K). 
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The group G„ — GL„(F) inherits a topology from F and provides an example 
of what one calls a locally profinite group (cf. |19j). 

Definition 2.1 (Smooth representation). An i?-valued representation (V,ir) of 
a locally profinite group G is called smooth if we can find for any v G V an open 
subgroup K C G which acts trivially on v. Together with G-equivariant linear 
maps, smooth G-representations define a category denoted by JK(G). 

Depending on the context, we will refer to a representation (V, 7r) by simply 
writing V or tt. From now on, we will only be concerned with i?-valued smooth 
representations. It is a basic observation (cf. [T§]) that 91(G) is equivalent to 
the category of modules over the global Hecke algebra 

Jf? (G) = {/ : G — > R | / locally constant and compactly supported} 

where multiplication is defined as convolution with respect to some chosen Haar 
measure on G (see [19], 1.3.1). This parallels the interpretation of representa- 
tions of a finite group as modules over the group algebra. 

Definition 2.2 (Induction with compact support). Let H C G be a closed 
subgroup of a locally profinite group and consider an ^-representation (V,tt). 
Define ind^(7r)* as the space 

{/ : G — V V | f(hg) = iv(h)f(g) Vh G H,g G G, / compactly supported mod-iJ}. 

The G-action / i — > f(~g) allows us to consider ind#-(7r)* as a (possibly not 
smooth) G-representation. Then define ind^(7r) as the biggest subrepresenta- 
tion of ind^(7r) >t which is smooth. (This last step is trivial if H happens to be 
open.) 

There is an obvious way how ind^J acts on arrows, allowing us to view 
induction with compact support as a functor D\(H) 9t(G). If H is open, this 
functor corresponds (by [19], 1.5.2) to 

J^(H)-Mod — >JT(G)-Mod M ^ Jif{G) ®^ (H) M. (2.5) 

Let us collect the basic properties: 

Proposition 2.1. Let H be a closed subgroup of G and denote the restriction 
of a G-representation to an H -representation by res^J. Then 

i) Both res^r and hid H commute with direct sums; 

ii) We have the following adjointness properties: Let V G *H(G) and W G 
1R(H), then 

Hom G (ind|(W),F) ^ Hom ff (W,resg(F)) if H is open in G 

and 

Hom G (V,indg(WO) Hom H (resg(t/), W) if H is co-compact in G; 
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Hi) If H is open in G, the functor mA H respects the properties 'cyclic', 'finitely 
generated' and 'projective'; 

iv) Let both H\,H2 be open subgroups, then we have a Mackey- decomposition 

resg 2 o indg, = ind^,., o Int(. 9 ) o res£ nJr . ; 
g£H 1 \G/H 2 ' 1 

v) The functor res^J is exact; Assume there exists an open compact subgroup 
K* C G whose pro-order is different from zero in R. Then ind^ is exact 
as well. 

Proof. The only claim not literally taken from Chapter 1.5 of [TH] is the 'finitely 
generated'-part of iii), but this is clear from the characterisation (|2.5|) . □ 

Remark 2.1. In all cases we are interested in (i. e. G a linear algebraic p-adic 
group and I ^ p), the assumption of part v) is fulfilled, see [16] . Lemma 1.1. 

2.1 Representations of direct products 

In this section we will deal with the connections between representations of G, 
G' and G x G', where G, G' are two groups. The basic tool will be 

Definition 2.3 (Outer tensor product). Let V be a representation of G and 
V be a representation of G 1 . The group G x G' acts on the space V ®rV by 
linear continuation of the rule 

(g, g') v <g> v ■= gv ® g'v' . 

The resulting representation of G x G' is called the outer tensor product and 
referred to by the symbol V MV' . 

In the two following propositions, by 'linear group' we mean a direct product 
of finitely many general linear groups. 

Proposition 2.2. The following gives a description of the outer tensor product 
which generalises to finitely many groups and tensor factors: 

i) Let G,G' be finite groups, then there is an isomorphism of algebras 

R[G] <S>r R[G'} ^ R[G x G'] 

and under this characterisation V M V' corresponds to the space V <g> V 
on which R[G] (E>r R[G'\ acts by linear continuation of the rule 

(/»/') •(«»«') := {f ■v)®(f -v'). 
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ii) Let G,G' be two linear p-adic groups and V a (smooth) G -representation 
and V a (smooth) G' -representation. Then V Kl V' is smooth and there 
is an isomorphism of algebras 

Jf(G) ® R jf(G') s Jtf(G x G'). 

Under this characterisation, V MV' corresponds to the space V ®V on 
which Jf(G) (£>r Jf(G') acts by linear continuation of the rule 

(ip ® ip) * (v <g) v') := (cp * v) ® (tp * v'). 
Proof. For part i) we refer to Chapter 2.6 of [15] . 

Considering part ii), we first mention that it is straight-forward to check that 
V S3 V' is smooth. The isomorphism of the Hecke algebras is provided by linear 
continuation of the rule 

99(8) [(<?,<?') h-> (p(g) ■ ip(g')]. 

This assignment provides a well-defined and bijective map, as shown in 
Prop 4.5.5. It follows from a standard Fubini-style theorem (see (TT|, Thm. 
1.4.14 and Remark 2.5.11) that this map commutes with the ^-multiplication. 
The remaining claim is checked readily using the definitions. □ 

We repeat that, when dealing with p-adic groups, we will assume that all 
representations under consideration are smooth without mentioning this each 
and every time. Let us collect some formal properties: 

Proposition 2.3. Consider G -representations V, Vi, W and G' -representations 
V , W , where G and G' are either both finite or both p-adic linear groups. Then: 

i) The outer tensor product is distributive: 

(v e w) m v' = v m v' © w m v' 

and analogously in the second variable; 

ii) V MV' is cyclic if both V and V are cyclic (and this is also true if we 
replace 'cyclic ' by finitely generated ' or by finitely generated and projec- 
tive '); 

Hi) If we have a sequence of G -modules 

► Vj-i -> Vj -> V s+ i -> • • • 

which is exact at j , then so is the sequence 

► Vj-! Kl V' -> Vj S V -> V j+ i H V' -> ■ ■ ■ 

at j for any V' (as a sequence of G x G' -modules). The same is true if 
we fix the G-factor and take a sequence of G' -representations. 
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iv) Assume that V and V are finite-length, then define T to be the set of all 
decomposition factors (up to isomorphism) of V and V analogously for 
V , then V M V is finite-length and every subquotient is isomorphic to 
QMQ' for suitable Q eT,Q' e V; 

v) Let f : V — > V and f : W —> W be surjective maps, then so is the 
induced map f M /' : V M W ->• V El W; 

vi) Formation of the outer tensor product provides a bijection 

lrv R (G) x Jxv R (G') lrv R (G X G'). 

The obvious analogues of these assertions hold if we take G,G' , G" , . . . some 
finite collection of groups. 

Proof. Regarding i), the map given by linear continuation of 

/ : (v, w) ® v' i— i- (v (g) v' , w <S> v') 

is known to provide an isomorphism of vector spaces. / is obviously G x G'- 
equi variant. 

From now on, write Rg for R[G] (if G is finite) or Jt?(G) (if G is p-adic). The 
'cyclic'- and 'finitely generated'-claims of ii) will follow immediately from v). So 
let both V and V be finitely generated and projective. Then, by Chapter II, 
Paragraph 2, no. 2, Cor. to Prop. 4 of 0, V © Q = R% and V © Q' = 
for a G-representation Q, a G"-representation Q' and two numbers m,m' 6 N. 
Then 

(V E V) © ({V H Q') © (V HQ)© {V H Q')) = © R%', = R^ G ,, 
hence V Kl V is finitely generated and projective. 

The proof for iii) is analogous to i): This claim is true for R- vector spaces and 
the occurring maps are easily seen to be G x G'-equi variant, iv) is a direct 
consequence of iii). For v), it is straight- forward to construct a pre-image for 
any element in V' ®W . vi) follows by putting together Proposition 12 .21 and [6], 
Theorem 3.4.2 (and [19], II. 2. 8, in the p-adic case). □ 

Lemma 2.4. In the notation of the preceding proposition, assume that both V 
and V are finitely generated and projective. Then there is a ring-homomorphism 

End G (V) ® R F,nd G ,(V) = End GxG /(F B V). 

This generalises to the case where we consider a finite collection of groups 

, \-j , Lx , . . . . 

Proof. Using the characterisation of representations as modules over the appro- 
priate group (or Hecke-) algebra, we can conclude the claim from Exercise 5 in 
Chapter 9.3 of [TB] when both V and V are finitely presented. But this is the 
case, as finitely generated projective implies finitely presented (the proof of [3], 
Chapter 1, Paragraph 2, no. 8, Lemma 8. iii works for non-commutative rings). 
Part ii of Proposition 12.31 provides an iterative way of generalising the claim to 
arbitrary finite collections. □ 
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From now on, we restrict ourselves to the p-adic setting: 

Proposition 2.5. Consider two open, compact subgroups K C G, K' C G' and 

let V be a K -representation and V be a K' -representation. Then we have 

md%(V) M ind^(V') = wdf^^V H V). (2.6) 

Proof. We define a map a from the left to the right side by linear continuation 
of the following rule: 

/H /'.—». [(<?,</) ^/G?WG/) 

It is obvious that this is a well-defined G x G'-intertwiner. 
The right side of (|2.6I) is linearly spanned by functions supported on a single 
coset (Kg, K'g'). Let ^ be such a function, then it is characterized by its value 
at (g,g'), say, (p(g,g') = J2i v i ^ v i- Now we can define a map from the right 
side to the left side of (|2.6[) by linear continuation of the rule sending ip to 
J2i fi ^ fi w hh all the fi supported on Kg and the f[ supported on K'g' and 
fi{g) = v iifi(g') — v 'i- ^ is easy to see that these maps are inverse to each 
other. □ 

Remark 2.2. If both G and G' are general linear groups over F, the categories 
*H(G) and D\(G') are noetherian by Theoreme 5.4.1 in [10] . Thus, in this case, 
the claim of Lemma T2.4I holds if V and V are just finitely generated. It might 
be possible to generalise this to finitely many groups and representations. 



2.2 Parabolic and parahoric functors 

Recall that, in general for the group GL n (K) over some field K, a parabolic 
subgroup is defined to be the stabiliser of a flag in the vector space K n . If this 
flag is adapted to the standard basis we call the resulting parabolic subgroup 
standard. A partition A of n gives rise to a standard parabolic subgroup, for 
example associated to A = (1, 1, . . . , 1) we have the standard Borel subgroup of 
upper-triangular matrices. Any parabolic subgroup is GL n (K )-conjugate to a 
standard one. Recall moreover, that each parabolic subgroup P decomposes as 
P = M K U, where U is the unipotent radical of P and M = Ylj GL ni (K) (for 
suitable numbers m with J^i n i — n ) IS the Levi-factor of P. 

Definition 2.4 (Parabolic induction and restriction). Let P = MU C G — 
GL n (K) be a parabolic subgroup, where K = F or K = ¥ q . The parabolic 
induction functor then transforms an M-representation into a G-representation 
by first inflating trivially along U (what yields a P-representation) and then 
inducing up to GL n (K) (induction with compact support in the p-adic case). 
The parabolic restriction associates to a GL„(i4r)-representation V the space 
V v = V/V{U), where 

V(U) = (v- uv\v € V,u E U) 
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is the space of [/-co-invariants. Vjj is naturally a representation of M. 
In the p-adic case, these functors are called Jacquet functors and we write 
*McP' ! mcp- I n the finite case, these functors are called Harish-Chandra func- 
tors and we write if IcP , r G /cP or simply i G /5 r G f . This last notation is justified 
by the Howlett-Lehrer theorem (cf. [T2])> which asserts that the isomorphism 
class of the induced (or restricted) representation depends only on the Levi- 
factor and not on the particular parabolic subgroup (which is not true in the 
p-adic setting). 

Definition 2.5 ((Super-) cuspidal representation). An irreducible representa- 
tion V of G is called cuspidal if r < £ IcP (V) ^ (resp. rf[(V) ^ 0) implies 
M = G. V is called supercuspidal if its occurrence as a subquotient of some 
r M C p( w ) ( res P- ' 1< m( W )) im P lies M = G. 

We collect the basic facts: 
Proposition 2.6. Let G = GL n (K) be as above. 

i) Let P = MU be a parabolic subgroup of G and Q = NV be a parabolic 
subgroup of M . Then NVU is a parabolic subgroup of G and we have 

1 ncnvu — 1 mcp ° l NcQ \ resp. 1 N — 1 M o i N ) 

and 

r NcNVU — '"iVCQ ° r MCP ( res P- r N — V N ° t m)'i 

ii) The Harish-Chandra functors commute with taking the contragredient rep- 
resentation; 

Hi) Let P = MU and Q = NV be two standard parabolic subgroups of G. 
Then M [~l Q is a parabolic subgroup of M with unipotent radical M D U. 
We have the following Mackey-style decomposition: 

° Im = ij^np.- 1 ° Int (-9) ° r MnQ, ■ 
geP\G/Q 

iv) Let V be a G -representation and W be an M -representation, then we have 
the following adjointness relations: 

Hom M (r G /cP 00, W) S Rom G {V, tf IcP (W)), 
Ho m M (i"m (V) , W) - Hom G (F,i G f (^)); 

In the finite case, we have moreover 

Hom G (i G (W0, V) ~ Hom M (Ty,r G (V)). 

Proof. Everything can be extracted from [19] or [5]. □ 
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In the sequel, the letters G, V, M, . . . will always denote finite groups whereas 
the notation G, P, M, . . . will be reserved for the p-adic case. For example, we 
will use the short- hand notation G n for GL n (F) and Q n for GL n (g). 

Consider once again the maximal compact subgroup 

Jt = GL n (0) c G = G n . 

If we denote by J^(l) = 1 + M„ x „(Cp) the pro-p-radical, reduction modulo 
J^(l) gives a group- homomorphism 

fjxr ■ -» Q — Qn- 

Definition 2.6 (Parahoric subgroups). Let V = MU be a standard parabolic 
subgroup of Q. Then the pre-image @> — fj^(V) C G is called a standard 
parahoric subgroup. is open and compact with pro-p-radical ^(1) = f~^}(U). 
Taking the quotient modulo ^(l) defines a group- homomorphism 

A parahoric subgroup is a group G-conjugate to a standard parahoric subgroup. 

Definition 2.7 (Parahoric induction and restriction). Retain the notation from 
the above definition. Then the parahoric induction functor maps an .M-repre- 
sentation to a G- representation by firstly inflating trivially along 3^(1) (what 
yields a ^-representation) and then inducing compactly to G. The parahoric 
restriction functor sends a G-representation to its space of ^(l)-invariants, 
which is then understood as a representation of ^ / = M. We denote these 
functors by r^. If we are only interested in standard parahoric subgroups, 
we will use the notation z^, , iR^ , where M is a standard Levi-subgroup of Q 
(the dropping of in the notation will be justified by Proposition 12 . 7l ii') . 

The standard facts are as follows: 

Proposition 2.7. Retain the notation from the above definitions, then 

i) Both functors are exact and parahoric induction commutes with finite di- 
rect sums and respects the properties 'cyclic', 'finitely generated' and 'pro- 
jective '; 

ii) Let AT C Ai C Q, where each inclusion is an inclusion of Levi- subgroups. 
Then 

i G r i G o and r G r o r G ■ 

Hi) Let M,Af be two Levi- subgroups of Q, associated to parahoric subgroups 
3?,J2 of G . Then there is a Mackey- decomposition 

where * s ^ e functor given by concatenation of 
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1. Parabolic restriction along f&>(£^ H g x -2g) C M, i. e. taking the 
fgs{3 s n g^ 1 J3(l)g)- (co)invariants; 

2. The functor between representations of the reductive quotients in- 
duced by conjugation 

Int(g) : n g~ x 3g -> g@>g~ l n =2 

fc/. Jggfc 4.1.1.(e))); 

3. Parabolic induction along f Q{g£Pg~ x H =2); 

iwj TTie sei D = S n ■ A C G with 

A= |diag(n7 Ql ,...,w a ") | a 1; . . . , a„ G Z} = Z" 

is a set of representatives for J*\GI (with J? — f^}(Borel) the Iwahori- 
subgroup). As is contained in any standard parahoric subgroup, we 
can (e. g. for the purpose of the Mackey- decomposition) choose a set of 
representatives for J3\G ' j '3? inside D; 

v) Let V be a G -representation and W be an M.-representation, then we have 
an adjointness relation 

Hom G (z£, (W), V) SS Rom M (W, r G M {V)). 

Proof. The claim about exactness of induction follows from Proposition I2.1l v 
because inflation along 3P(X) evidently preserves exact sequences. As I does not 
divide the pro-order of ^(1), the same reasoning can be complemented with 
Section 1.4.6 in [Hj] to prove exactness of the restriction. The next three parts 
of i) immediately follow from the corresponding facts for compact induction. 
The last claim about projectives follows from exactness of parahoric restriction 
together with part v) of this Proposition and [T!5], I.A.I. 
Part ii) is Claim 4.1.3 of [22], 
Part hi) is Proposition 6.4 in [2Tj . 

Part iv) can be checked back e. g. with Section 2.3.1 of |17j . 

Part v) is Claim 4.1.2.e in [32]. □ 

As a general rule, we will denote representations of a reductive quotient by 
p, (7, . . . and the inflations to a parahoric subgroup by p, a, 

2.3 An application of the Krull-Remak-Schmidt theorem 

Lemma 2.8. Consider two different ways of writing a finite group as a product 
of general linear groups over the same field ¥ q : 

© = n g w<z) = n g w?) 
i j 

with finite index sets I and J. Then there is a bijection t : I —¥ J such that 
ni = m t (i). 
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Proof. We start by taking the derived subgroup: 

£>(«) = l[D ni (q) = l[D mj {q), 

i J 

where Dk(q) is short for D (GLfe(g)). 

Proposition 2.9. Dk{q) is directly indecomposable (i. e. cannot be written 
in a non-trivial way as a direct product) for any choice of k € N- 2 and q any 
prime power. 

Proof of the proposition. For k = 2,q = 2, GL2(2) is isomorphic to S3, hence 
Z?2(2) is isomorphic to the cyclic group with three elements which is indecom- 
posable. For all other values for k and q, Dk(q) is isomorphic to SLk(q) ([H], 
Satz B.3). 

It is known that SLk(q) is quasi-simple (see pQ, Section 31 and [14], Satz B.3, 
Kor. B.7), hence indecomposable (pQ, (31.2)) except for k = 2, q = 2 (which was 
excluded) and k = 3, q — 2. In the last case, there are (up to isomorphism) four 
normal subgroups and the occurring orders are 1, 2, 8 and 24 = #(SL2(3)). This 
is clearly not compatible with a decomposition of SL2(3) as a direct product. 

For k = 1, Dk(q) is the trivial group and hence, by definition, not directly 
indecomposable. 

As the next step, we take the centre of © and immediately conclude that #(/) = 
#(</)• Define /' as the set of all i £ I such that n» > 1, analogously for J'. 
Then the proposition allows us to apply the Krull-Remak-Schmidt theorem ([13], 
Thm. 3.8) to 

d(<5) = n D ni ( g ) = n D ni (q) = n D mj (<?). 
/ /' j' 

Because D^{q) is not isomorphic to D[(q) for k ^ I, this tells us that there is 
a bijection t : I' —> J' such that n,; = JTWj) for all i e As n,; = TOj = 1 for 
iel — I',jeJ — J',t can be continued to be a bijection I J such that 
= rn^i) for all i £ I. As, again, Dk{q) is not isomorphic to Di{q) for k ^= I, 
this implies the claim. □ 

2.4 Special instance of the parahoric Mackey-decomposition 

Notation as follows: 

• G m = GL m {F) and G = G n ; 

• Gm = G\j m {q) and Q = Q n ; 

• & is a standard parahoric subgroup of G with the property that 

m = &>i&{\) = J] {g m ) m * 

z=l,...,fc 

for numbers n^, m, £ N such that X)i=i n i m i = n ! 
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• p denotes an .^-representation of the form K^ =1 (pj) mi , where each p { is a 
supercuspidal Q ni -representation and i ^ j implies J> i ^ Pi (this is trivially 
true if i%i ^rij); 

• JT= GL„(C) c G. 

Our aim in this section is to compute o §>(p), using Proposition I2.71 iii. 
iv. We say that d £ Z3 survives if Fx(q)d3?(q) does not vanish on p. As p is 
cuspidal, d survives precisely if the the parabolic-restriction-step in the definition 
of F Sf( q )d3»{ q ) is trivial, i. e. if &> n cT 1 JT(l)d c J*(l). As Jf(l) is unaffected 
by S'n-conjugation, this is a condition on A alone. A straight-forward matrix- 
computation then shows: 

Proposition 2.10. d = sX survives if and only if X is of the form 
A(ai, . . . ,a m ) = 

diag( vj ai , . . . , vj ai , . . . , ro am i , . . . , ro am i , n7 Qm i +1 , . . . , ru a ^ +1 ,...) 

n\-times n\-times n^-times 

with m = rrii and a,j G Z. 

Proof. □ 

The obvious next step is to understand the group f ^(dSPdr 1 DJff). Firstly, 
we write d = sX and remark 

/^((sA)^(sA)- 1 n JO = ^(A^A- 1 n jr)]* -1 

because is stable under SVi-conjugation and fx commutes with SVi-conjugation. 
Thus we have to concentrate on the shape of the group V\ '■= /jr (A.^A _1 f) Jt) 
with A = A(ai, . . . , a m ). 

Observation 2.1. V\ is a parabolic subgroup of Q with Levi-factor A4 = 
/ It's structure is determined by the values 

sign(i, j) = l[o,oo](a< - a 3 - l[-oo,o)(oi - o,j) 

for i j E {1, ...,m}. (If e. g. Oi < ai+i for all i, we get the standard 
parabolic subgroup V = f,x~{£P). If «i > a^+i for all i, we get the opposite V. 
It is possible to put this into a clumsy formula, but we don't need that.) 

Proof. This follows from the definitions and a matrix calculation. □ 

The next thing to understand is the second step in the definition of Fx(q)d3 g (q) • 

Proposition 2.11. Conjugation by d = sX from 3? D d~ l JWd to d&dr 1 n 
steps down to conjugation by s from the Levi-factor M. of fg?(3P fl <i J^d) to 
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the Levi- factor dMd- 1 = sMs- 1 of f x {dSPdr x n X): 



8? n d^Xd -^5- d^d- 1 n X 



M 



M 



fx 
sPxs- 1 



p:—mod sU\s 1 



Int(s) 



sMs~ 



commutes (U\ denotes the unipotent radical ofV\). 

Proof. This becomes clear as soon as we write out the factorisation Int(d) 
Int(s) o Int(A) . Then, as fx commutes with Int(s), we have 



^nd^Xd 



@> n \~ x jtr\ — U- a^a- 1 n X — *- aA^A- 1 *- 1 n x 



M 



M 



Int(s) 



f.x 

I 

sVxs- 1 



-5- sMs 1 



It is elementary to check that q is the identity. 



□ 



We conclude that every summand in the Mackey-decomposition must be of 
the form 

i>l s CQ s (p S ); 

where Q is some parabolic subgroup of Q which admits M as Levi-factor and 
s an element of S n C Q. This is isomorphic to i^) C g(p), hence by the Howlett- 
Lehrer result we have 



Theorem 2.12. 



Proof. 



finite 



□ 



We need another observation: 



Lemma 2.13. Let J2 be standard parahoric subgroups and ir be a 8? -repre- 
sentation inflated from a cuspidal representation if of M. = Assume 
that one summand F%< q \ ( icp( q \ i n the Mackey-decomposition of o z%(7f) con- 



tains a cuspidal representation, say a, of Af = J2/J2(l). Then J2 
g = 7T 9 for some g 6 G, in particular we have 



an d 



{a) and 0i^)S0i^) 
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for finite index sets I, V . 

Proof. We will prove this using the language of [52], Section 4.1.1 and 4.1.4: In 
this notation, & = Pj and J2 = Pl for two finite, proper subsets J, L of a fixed 
basis II for the affine simple roots defined by G and the standard torus. Then 
F%( q )dS»{q) * s denoted by j, where d is now taken from some distinguished 
set of representatives D LiJ for W L \W aS {G)/Wj P L \G/Pj. 
The assumptions of the lemma imply that both ^j nd -i L and ij^ nd j are trivial, 
i. e. J = J n d~ 1 L and L = LndJ. This implies L = dJ. As P dJ = dPjd^ 1 
(4.1.1.(c)), this implies that 8? and £2 are conjugate by d. The remaining 
middle term Int(ci) in the definition of j is the reduction of the conjugation 
Int(c?) : & — > J2 by 4.1.1. (e). As this maps irreducible representations to 
irreducible representations, we see that a is actually all of j(jf) and hence 
that a and tt are d-conjugate. The isomorphism of the parahorically induced 
representations is therefore established. The last claim results from applying 
the functor and Theorem 12. 121 □ 

Lemma 2.14. Let V = MIA and Q = AfV be two standard parabolic subgroups 
of G and assume that 

Hom e (i&M,i&W)^0 
for a cuspidal M. -representation tt and a cuspidal AT -representation a. Then 
M. = Af s and n = a s for some s £ S n - We can even replace s by some suitable 
t £ S n which acts merely by rearranging the blocks in the following sense: Write 

M = Y[g m andN = J[g mr 
i j 

Define Q\. = {i £ I\rii = k} and Q'l = {j £ J\m,j = k} for k £ N. By Lemma 
\2.8l #0( = and we can define u := ffl = f/=J. Now define the subset 

T ({ m j)jejA n i)iei) C Bij Sets ({l,...,u},{l, ...,u}) which fulfill t(&{) = Q{ 
for all k. There is a canonical way to embed i : T S n such that conjugation 
with i(t) coincides with the map 

N -> M {xj) je j !-)• (x t ^) jeJ , 

where each Xj is an element of Q mj ■ 

Proof. The first part follows from Frobenius reciprocity and an application of 
the Harish-Chandra Mackey-Theorem (Proposition 12.61 in) . 
For the second part, fix some to £ T((rrij)j e j, It is clear s can then be 

written as s't , where s' £ S n C Q normalises A/". It follows that s' normalises 
the Young subgroup — Yli S ni defined by M. . Borevich and Gavron studied 
the normaliser of in S n in [2], and following their exposure we can write 
s' = s 1 so, where s 1 £ S* and sq £ T((nj)iei, (^i)iei')- It is obvious that 

T((m)iei, (ni) ie i) ■ T((mj)jeJ, (ni)iei) C T((rnj)j e j, (ni) ie i), 

hence s = s 1 sata can be replaced - up to an .M-isomorphism, which is provided 
by s 1 in this case - by the rearrangement of blocks so^o £ T((. m j)jeJ> ( n i)i&i)- 

□ 
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2.5 Bernstein-decomposition 

Definition 2.8 (Level-0 representation). A representation V is called level-0 
if all its irreducible subquotients contain a non-zero vector invariant under the 
maximal open compact subgroup = GL n (0) C G. V is positive level if it 
has no level-0 subquotients. 

It is well-known that we can split the category of G-representations as 

where 9t°(G) is the subcategory of level-0 representations and D\ + (G) is the sub- 
category of representations of positive level. In the sequel, we will be concerned 
with level-0 representations alone. 

Definition 2.9 ((Super-)cuspidal pair). Let M = Yli^rn C G be a Levi- 
subgroup together with an M-representation tt = K/7rj. The pair (M, 7r) is 
called cuspidal (resp. supercuspidal) if each 7r, is cuspidal (resp. supercuspidal). 
(M, w) is called level-0 if each Hi is level-0. Two pairs {M\,it{) and (M2, 712) are 
said to be G-equivalen10 if there is a g e G and an unramified M2-character \ 
such that Mi = Mf and tt\ — (x <8> K2) 9 ■ This equivalence relation respects the 
notions 'cuspidal', 'supercuspidal' and 'level-0'. The generated equivalence-class 
is denoted by [M, tt]g- The set of all equivalence classes of level-0 supercuspidal 
types is called the (level-0 supercuspidal) Bernstein-spectrum 25 0,SC (G). 

Definition 2.10 (Level-0 (super-)type). Let @* be a parahoric subgroup of G 
with reductive quotient M. — 3? j £?(X) — Ilj and a ^-representation p in- 
flated from p = ^jpj. The pair , p) is called a level-0 type (resp. supertype) 
if each is cuspidal (resp. supercuspidal). Two such (super-)types (^,p) and 
(3P',p') are said to be G-equivalent if ind^(p) = ind^a,(p'). Let us denote the 
set of equivalence classes of supertypes by S°(G). 

An [M, 7t]g s S 0,sc (G) gives rise to a subcategory 

m [M ^ ]G (G) cm°(G) 

where V is an object if and only if we can associate to each subquotient Q of 
V an (N, a) S [M, tt]g such that Q is isomorphic to a subquotient of *mcp( ')' 
where P is some parabolic subgroup of G containing M as Levi-component. 

On the other hand, we can associate to the equivalence class defined by a 
supertype (&,p) a subcategory 

9V,„)(G) cm°(G) 

where V is an object if and only all subquotients of V are subquotients of 
ind%(p). 

3 Some authors use the term inertially equivalent. 



18 



Theorem 2.15. i) The level-0 part o/£H(G) decomposes as 

9*°(G) = £KW*]°(G)= ^(^ P) (G); 

[M,7r] G e<B°'»(G) (#,p)£6°(G) 

mJ There exists a bijection between Q3°' SC (G) and 6°(G) such that the corre- 
sponding subcategories are identical and (up to eguivalence) the indices I 
and J from Definitions \2.9\ and \2.l0\ corresvond, i. e. there is a bijection 
t : I— >J such that rij = m t ^ and 7Tj = 7!"$/ if and only if~p t ^ — ~Pt(i')- 

Proof. Everything is extractable from Chapter IV of [3D]. □ 

Depending on the structure of the block (or, equivalently, the type) we dis- 
tinguish three different sorts of blocks: 

1. A supercuspidal block is a block generated by a supercuspidal pair of the 
form (G,7r). The associated type is of the form (J(f,p) with p inflated 
from a supercuspidal (/-representation. All simple objects in this block 
are unramified twists of 7r. 

2. A simple block is a block generated by a supercuspidal pair (M,ir) with 
M = (G a ) b (with ab — n) and it — Mb COV i CS ttq. The associated type 
is of the form (&,p) with ^/^(l) = (G a ) b and p inflated from p = 
Mb copies Po- I n this case, we also call the supercuspidal pair simple. The 
block generated by the pair (T, i?triv) with T C G the standard torus 
(or, alternatively, by the type (J?,Rtnv) with the Iwahori subgroup) is 
called the unipotent block of G. It contains the trivial G-representation. 

3. An arbitrary block is called semisimple. From now on, we always assume 
that the associated type is given in the arranged form described at the 
beginning of Section 12.41 

2.6 Surjectivity of Harish-Chandra induction 

Within Brauer-theory, one constructs a decomposition of the representation 
category 9\(G n ) of the finite group Q n , which can be seen as the finite analogue 
of Bernstein's decomposition. We collect some implications of this fact from 
the literature. We retain the notation from the preceding sections, in particular 
from Section [2.41 Moreover, we define the subgroup 

i=l,...,k 

of Q which contains Ai as a Levi-subgroup. 

Proposition 2.16. Let V be an indecomposable representation of A^ max such 
that Hom J v( maj ,(V / , Q) ^ for some subquotient Q of i^J"" (~p) ■ Then all irreducible 
subquotients of V are isomorphic to irreducible subquotients o/i^J max (p). 
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Proof. At first, let us remark that the claim does not depend on the nature of 
■Mnaxt we could take Q n instead. 

It follows from Section 2.4 in [5] that V decomposes as V = Vq ffi Vi such that 
each irreducible subquotient of Vq is isomorphic to an irreducible subquotient of 
i^J max (j>) and such that this does not happen for any irreducible subquotient of 
Vi . As Homjvt max (V, Q) is not empty, Vb is not trivial. It follows that V\ = 0. □ 

The next observation depends crucially on the structure of Ai m8LX : 

Proposition 2.17. The Harish- Chandra induction 'iP M gives an equivalence 

of categories between IH^'^^ -1 -" (_A/[ ma x) and D^ M '^°{Q). In particular, any ir- 
reducible subquotient o/i^(p) is of the form i M (X) for some irreducible sub- 
quotient X of i^J - ™ (p) ■ 

Proof. This is a translation of Lemma 2.4d / Thm. 2.4e in [5] into our language. 

□ 



3 Construction of the supercover 

As described in 19 j, Thm. II. 2. 4, the irreducible subquotients of i^™ l mi ((a)™ 1 *) 
may be indexed by partitions m of m,i (but it is not clear that different parti- 
tions give rise to non- isomorphic subquotients). We denote these subquotients 
by Pi in , where [ii runs through some subset E$ of the set of partitions of m; 
such that fa ^ ji'i implies P,- )W =^ Pj^ . Define 

5= n a* and * = {^iW (M1 ,..., w)e H- 

i=l,...,fc 

Then $ is a set of representatives (with respect to the equivalence relation 
'isomorphism') for the irreducible subquotients of i^ - ™(/5). 

Proposition 3.1. Let X = Klj-LjPj ^ be an element of \& . T/ien eac/i Pi lMi 
admits a projective cover Pj )(!li afid X = KI*L 1 Pi iMi /ias ite subquotients in '5. 
We denote # = {A|A G 

Proof. The first claim follows from [19], A.6.b, and the second claim follows 
from our Proposition ^. 161 □ 

Consider the standard parahoric subgroup ^ max with finite quotient A4 maiK 
and denote the inflation of X E to ^ max by X and the inflation of X G ^> by 
A*. Similarly, for any i and any fa, denote the inflation of Pi^ to J^ nimi = 
GL rHmi (0) by P i>w and the inflation of P itlM by P* p .. 

Lemma 3.2. X and Pi, w are finitely generated and projective (in the category 
°f ^wax-representations and JC nimi -representations, resp.). 
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Proof. By [T5], A.6.b, each P iiMi is of finite length. As the property 'finitely 
generated' is passed on to extensions, 'finite length' implies 'finitely generated'. 
Now we simply have to put together the proof of Proposition I2.7U and Propo- 
sition [2T3]ii. □ 



Indeed, both X and Pi ttH are easily seen to be cyclic but we don't need this. 
Now we are able to define the protagonist of this paper: 

Definition 3.1 (Supercover) . The pair (& maLX ,p) with 

is called the supercover of (&,p). The ^ max -representation 

~P* = x* 

is a quotient of p. 

Similarly, for each i £ I we have a supercover (J(f nirrH , pi) of {3^i,pi), where 
is the standard parahoric subgroup of G nimi with reductive quotient (G ni ) mi 
and pi is defined by summing over the Pi ^ with pi running through Sj. 

Corollary 3.3. Both p and pi are finite length, finitely generated and projective. 

Proof. This follows from Lemma 13.21 and Proposition I2.3l ii-iii. □ 

4 The induced supercover as a progenerator 

Let C be some module category. 

Definition 4.1 (Progenerator). c £ ob(C) is called a progenerator if 

1. c is projective in C; 

2. c is finitely generated; 

3. Homc(c, c') ^ for any simple c' £ ob(C). 
Theorem 4.1. If c is a progenerator, then 

C ^ Endc (c)- Mod. 

Proof. Theorem 3.3 in □ 

Let (M, 7r) be the semisimple supercuspidal pair associated to {&,p), given 
in the arranged form M = U.i( G n i ) mi and tt = ^(tt,) 1 ™'. 

Theorem 4.2. 

with Jtr(G, ,9> max , p) = End G (ind% mx (p)) . 
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Proof. We will check that Y = ind% max (/5) is a progenerator. Firstly, we have 
to remark that it follows from Proposition 13.11 that Y indeed lies in 9\^ M ' p }(G). 
Now we can check with the definition: 



1. Projectivity of Y follows from Corollary 13.31 together with Proposition 
Cnjiii; 

2. The same references tell us that Y is finitely generated; 

3. Let V 6 ob(fR[ M ' 7r l (G)) be irreducible, i. e. V appears as a subquotient 
in As V is level-0, it will not vanish upon application of r^. We 
conclude henceforth from Theorem 12.121 that T%-(V) contains a non-zero 
(^-representation which is isomorphic to a subquotient of i?^ (p). According 
to Proposition 12.171 this means that there is some Igf such that 

Hom g (i^ max (X),r« (V)) / 0. 

Using Proposition 12 . 71 v and l2.7l ii. this implies the existence of a non-zero 
G-map from (X) to V, consequently also from ind^, max (/5*) to V. This 
allows us to finish with the desired conclusion 

Hom G (indg,^ (X),V) =/= 0. □ 
Of course, this implies at the same time 

9t [M "<' <] (G n4m J S J?(G nimi , J(r nimi , pi) -Mod 
for any i e {1, . . . , k}, where 

• Mi = (G ni ) mi is a Levi-subgroup of G„ imi ; 

• <J&mmi — CL ni7ni (C), 



[Mj,7rJ"*] is the simple supercuspidal pair associated to the supertype 

\J%mmi i Pi)' 



5 A bound on intertwining 

5.1 Cuspidal and supercuspidal support for Q m 

Consider an irreducible representation (V, it) of the finite group Q m . We repeat 

Definition 5.1 ((Super-)cuspidal support). There exists a cuspidal represen- 
tation a of some Levi-subgroup M. C Q such that V is a subrepresentation of 
i%i( a )- (A^jCr) is unique up to G-conjugation (see [19], II. 2. 20) and the G- 
conjugacy class [A^jCr] 6 is called the cuspidal support <£s(V) of n. 
Analogously, there is a supercuspidal representation a' of some Levi-subgroup 
M! such that tt is a subquotient of yL,,(g'). Then [M', o~'] G is called the super- 
cuspidal support &s(V) of 7T. 
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Theorem 5.1 (Strong conjugacy theorem). Let V be irreducible and (A4,tt), 
(M'y) e <£s(V). Then 

and it is both a subrepresentation and a quotient of'\^ M {a). 

Proof. The first part follows from the Howlett-Lehrer result together with [T9"] . 
I.5.4.iv, and the second part follows from the existence of the contravariant 
duality explained in [5], in particular Corollary 2.2f. □ 

For the next proposition we use the following notation: Consider two fac- 
torisations ab = a'b' of some number m. This gives rise to two Levi-subgroups 
■M = {G a ) b and M! = {Ga') b of Q m . Additionally, fix a supercuspidal Q a - 
representation 5 and a supercuspidal C? a / -representation §' . Let Q be a subquo- 
ticnt of i^(S b ) and Q' be a subquotient of i^J", (8 ,b ). Then <Ls{Q) contains an 
element (M, a) where M is of the form Y[i Qci (with J2t c i — m ) and o of the 
form B/cTi with the o~i cuspidal. Just in the same manner, Cs(Q') contains an 
element (M',a') where M' is of the form Jlj^d ( w hh J2jdj — m) and a' of 
the form Mja'j with the o^- cuspidal. 

Proposition 5.2. Assume that S is not isomorphic to 8' (which has to be 
checked only if the two factorisations are identical). Then, for any choice 
i e/.j6 J, the representations o~i and a'j are not isomorphic (which, again, is 
automatic if c, does not happen to be equal to dj). 

Proof. We will use the language and theorems of [T5], III. 2. 3-5. First, 5 can be 
written as 7r(s,a), where s £ ¥ q is of degree a over ¥ q . Q is then of the form 
ir (6, n) = 7r(J), where /i is a partition of b and / denotes the ^-tete (s,a;n,b). 
We use Lemma III. 2. 3.1 in [19] to associate to / a certain ^-pied special J = 
((s,aj; [ij,bj))j such that 7r(J) = tt(J) (see Thm. III. 2. 5 in [19]), where it is 
important that we extract from the proof of Lemma II.2.3.1 that s indeed equals 
the one used in the definition of /. According to Cor. III. 2. 5, we can take as 
representative of ts{Q) 

M = Y[(G a) ) bj and a = H j7 r( S , 

3 

We can do the same things with Q' and conclude 

M' = lliQa'.Z*' and a' = ® f Tr(s',a' j ,) b 'i', 

where it is critical that s and s' are not associated (i. e. s ^ r(s) for all 
r € Gal(F g /F 9 ), see section III. 2. 2 in [19]) because S and §' are not isomorphic. 
This clearly implies that no factor of a' can be isomorphic to any factor of a. □ 
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5.2 Generalities on intertwining 

Consider two parahoric subgroups i?, £P of G, a ^-representation k (inflated 
from a representation 7c of M = J3/J3(l)) and a ^-representation tt (inflated 
from a representation W of J\f = s / &>{!)). Consider the space 



Using Proposition 12 . 71 v (and sticking to the notation of [19], Chapter 1.8.5), we 
can write this as the model 



Another model is the space Mq(k, tt) consisting of maps / : G — > Hom^(l / 7r , V K ) 
which fulfill 

• fipxq) — ir(p) o f(x) o n{q) for all p 6 §* , x E G, q S i2; 

• / is supported on finitely many double cosets &xJ2; 
(where V v denotes the underlying space of tt). 

Definition 5.2 (Intertwining). The Intertwining set To{k,tt) C 5 9 \G] £2. is the 
set of all double cosets 3Px£2 for which there exists an / £ Mq(k, tt) such that 



Observation 5.1. It follows readily from the explanations in 1.8.5 in [19] that 
&xJ2 £ Ig{k,tt) if and only if there is a map in M' g {h,tt) which has non-zero 
contribution to the Mx~ x &-X\\ summand. This is the case if and only if 



Remark 5.1. Inspired from this observation, we will say also that JSx -1 3? is in 
the intertwining set. This can lead to confusion only if 3? = £} and tt ^ k, and 
we will not encounter this situation in the sequel. Remark that we could have 
a more uniform notation of this if we used a version of Mackey's decomposition 
which sums over S?\GI £2. instead of £2\Gj (and indeed this is preferred by 
some authors). 

5.3 Intertwining of two subquotients 

We introduce the Levi-subgroup 



M g (k,7t) = Hom G i%(Tf)) . 




f(x) ± 0. 



Hom^^-if/t.Tr 1 ) ^ 0. 



k 



AL 



max 



Y\_ G ai b i c G. 
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Theorem 5.3. Let X = R$ =1 Xi and Y = be two elements o/*. T/ien 

Hom G 00) 
/las intertwining contained in ^max^max^max- 

Proof. Step 1: In accordance with Section |5.1[ can find two cuspidal represen- 
tations 7ri,7T2 of (standard) Levi-subgroups AA\,M.2 C -M max such that there 
are maps 

p : i^(7ri) X and i : Y ^ i% T (ir 2 ) . 
Step 2: Define a map 

6 : Hom G (^(X), -> Hom G ^(tti), ^ 2 (tt 2 )) 

by sending y> to (*) 0^90 «^ (p). By translation into the model A/" of 
Section I5T21 can be understood as the map 

M£(X,Y) -> M£ (i^r^i)^^"^)) defined by 9(/) : 5 1 o f(g) op. 

8 respects the support in the sense that f(g) ^ implies Q(f)(g) / 0. 
Step 3: By transitivity of the parahoric induction, it is clear that 

M£ (i^ r (^),i^ r (vr 2 )) - M'&mM). 

This identity is compatible with the intertwining set in the following sense: 

Proposition 5.4. Define 2?i to be the standard parahoric subgroup in G with 
the property ^/^(l) = M{ (i = 1,2). 

Let go £ G and assume that ^ikg^k' is not in the intertwining of ' M' '(tti, 7^) 
for all choices k,k' G ^ m ax- Then ^ m ax5o ^max is not in the intertwining of 

M%(l%T fa))- 

Proof of the proposition. Assume, that ^ max 9o ^max is in the intertwining of 
Mq ^i^J""(7Ti), i^J""(7T2)^ . Then there is an / in this set for which we can 
fix a g € ^max^o^max and write f(g)((i) — C2 + r for suitable choices of 

• 7i € -^max (i = 1,2); 

• Ci £ 'm^C 71 *) non - zero with support ^ • 7^ (i = 1, 2); 

• re i^"(7r 2 ) supported outside • 72- 

By replacing g by 7a <77i (where 7, denotes a lift of 7, to ^max), we can assume 
that 71 = 72 = 1. In order to prove the claim, we have to construct a non-zero 
map e 6 Mq{-k\,-K2.) with support £? > 29@ > i- This is done as follows: We have 
two maps 

s : Km_, , i : V.M ml , \ -» V„ 

1 ^ ("'l) lA4° aX (T2) m 
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(where, as usual, V n denotes the space underlying it) given by s(v) — £„, where 
has support &\ and maps p to pv. t is defined by sending a £ to £(1). s 
intertwines with 3?\ and t intertwines with J 2 ^- Hence we can define the map 
e : G — > Homc^i, 772) supported on ^29^1 and characterised by sending pigpx 
to 

t°f{P29Pi)°s = toi^™(7r 2 )(p2)°/(5)oi^7(7ri)(Pi)°s = 7r 2 (p 2 )o<o/(g)oso7ri(pi). 



Step 4: The strategy now is to show that the intertwining of Mq^itx,^) lies 
inside £& > 2M max £? > i. As a consequence of the proposition, this will imply the 
claim. For this, we use the model M' and write 

Rom-Mi TTi, F$ i{q)d& , 2{q) (tt 2 ) j . 

If there is no c? such that there is an / in M' with contribution to the dth 
summand, there is nothing to prove. If there is such a d, we can apply Lemma 
12.131 which tells us that 

j J' 

for two finite index sets J, J'. This, in turn, puts us in a position to apply Lemma 
12.141 and conclude that - up to .Mi-isomorphism - (vWi,7Ti) and (7W 2 ,7r 2 ) are 
conjugated by a simple rearrangement of blocks t € S n C Q (as in the formula- 
tion of Lemma 12. 14j) . Proposition 15.21 then tells us that t must be contained in 
■A4 max . We conclude 

i. e. Y is a quotient of i^J°"(7Ti) and we actually have to compute the intertwin- 
ing of Jif(G, ^i,7Ti) instead of Mg(7Ti,7T 2 ). It is known that this intertwining 
is contained in 9> x M wat 9 , x (see [2D], Section IV.3.2-3). □ 

5.4 Bounds for intertwining pass over to extensions 

First, we need a general 

Lemma 5.5. In the module- category over some ring 1Z, consider two short 
exact sequences 

0^44bAc^0 and o^iAyAz^o. 
IfRom n (U, V) = for all U £ {A, C}, V £ {X, Z}, then Hom R (B, Y) = 0. 
Proof. Assume we have a non-zero / 6 Hom-jz(B, Y). 

The first observation is that / o a — 0: Assume, this is not the case, i. e. 
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there is an a £ A such that f(a(a)) ^ 0. Then in any case y(f(a(a))) must 
vanish, because otherwise we would have produced a non-zero arrow A — > Z. 
So f(a(a)) lies in the image of x. This is true for any a' (with f(a(a' j) zero or 
not), hence / o a restricts to a map A — > im(x) = X. By the assumption on a 
this map is non-zero and this is a contradiction. 
So now we can talk about the following diagram 




and the ABXY-squa,re is commuting. We will now construct a g making BCYZ 
commute: 

Let 7 G C. Then we can take a pre-image b^ 1 ^) and consider /(& (7)). The 
fact that the left square commutes implies that this element in Y is indepen- 
dent of the choice of the pre-image. Then define 5(7) as y(f(b~ 1 ('y))). It is 
straightforward to see that this assignment is TC-equivariant. By construction, 
the BCY Z-square commutes. By assumption, g = 0. Hence we are in the 
situation of the following commuting diagram 




and we still assume / ^ 0. 

Return to the assignment 7 i->- /(& _1 (7)). This indeed is a well-defined 1Z- 
homomorphism h : C — > Y . As / is assumed to be non-zero, so is ft,. Moreover, 
im(/i) = im(/). But im(/) C ker(y) = im(x) = X. Hence we have produced a 
non-zero map C — > X which gives the final contradiction. □ 

Now let M be a (finite-length) module and Q some set of modules. We say 
that M decomposes into Q if there is a sequence of nested submodules 

Mi c M 2 C . . . C M n = M 

with Mi and all the Mi/M^_i for 2 < q < n being isomorphic to members of Q 
(and we remark that we do not assume that all members of Q are irreducible). 
Define the number lcngthg(M) to be the smallest n € N such that a nested 
sequence as above exists. The zero-module has Q-length for any Q. If V is 
another set of modules, we write Hom(Q, V) — if Hom(Q, V) = for any 
choice Q e Q, V e V. 

Corollary 5.6. Let M,N in IZ—Mod be finite-length such that M decomposes 
into Q and N into V. Then Hom(Q, V) = implies Hom(M, N) = 0. 
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Proof. Induction on du,N = max{lengthg(M), length v (iV)}: If oIm,n = 0, the 
statement is obviously true; So let cLm,n > 1 and assume the statement is known 
for all M',N' with d,M',N' < d-nj.N ■ (Additionally, assume that neither M nor 
TV are zero; in that case the claim is true anyway.) Then we can embed M and 
N into sequences 

-> M' ->M->Q40 and -> iV' -> iV -> U -> 

where Q £ Q, V e V, M' decomposes into Q, A/ 7 decomposes into V and 
d>M',N' < d-M,N- The proof now follows from the above lemma. □ 

We can use this machinery to prove 

Theorem 5.7. The super-Hecke algebra Jf?(G, ^ ma x,/5) intertwining con- 
tained in ^M.^^,. 

fVoo/. Let 5 e G - ^maxMmax^max- The ^ max n g^ m axff _1 -representation 
ind_ga (p) decomposes into Q = {md% mia (X)\X 6 ^} and the ^"maxn^^maxS -1 - 
representation ind^, (/5) 5 decomposes into Q 9 = {irid ( ^ t ,^(X) 9 \X G W}. By 
Theorem 15.31 



6 Factorisation of the Hecke algebra of a super- 
cover 

In the last section, we showed (Theorem 15. 7\i that the subspace 



of functions with support in ^maxMnax^max is actually all of Jf(G, ^ m ax,p), 
hence it is an i?-algebra. This allows us to use Proposition II. 8 and Proposition 
II. 4 of [2D], which tells us that there is an isomorphism of algebras 



where ^ax — ^max H M m ax and p° = p|^° ax . Using this, we can show 
Theorem 6.1. There are numbers Ui € N such that 



The claim therefore follows from Corollarv l5.6l 



□ 



max-^max^* max; & max? p) C J^f \G^ & max?/?) 



JP(G, ^ m ax, P) = ^(M ma x, ^ m °ax, P°), 



Ui copies 




The i-th tensor factor is Morita- equivalent to 




Proof. Let's unravel the definitions: 
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• "^max = 11/ '^nirrii > 

• p° = Kl/(e UiCopics with u, = J|^. 

The first claim follows now from applying Proposition 12.51 followed by Lemma 
12.41 For the second claim, we see that the i-th factor is equal to 



End G„ iI7M (©^copies ind^ 1 ™ 1 .(/>»)) — M«iX«i (jV{Gn imi , *#n 4 fn 4 ,P»)) 

and this ring is Morita-equivalent to ^(G„ imi , J^ nimi , Pi)- d 

7 A worked example 

We conclude with working out the example 
. G = GL 2 (Q P ); 

• M = T and ir = 7Ti M 7r 2 , where Hi are level-0 characters such that tt\ /tt2 
is ramified; 

• Let Xi be the restriction of ~Ki to Z* . Then Xi is inflated from a character 
X t of Zp / (l + <P) = fc x . The associated type to (M, ir) is (I, x), where / 
is the Iwahori-subgroup of G and x is inflated from Xi ^ X2 ■ 

Decompose s = k x as s = S£ x where sg is an €-group and the order of 
is prime to I. We also set T = s x s = 7f x T^* 1 = (s^ x s^) x (s^ x s^). If 
9 is the projection Z* -» fc x , denote by (Z*)( £ ) the pre-image of under 0. 
This gives rise to a subgroup 



of /. We have 

• ///(I) = T; 

. /W//(1)=TW; 

• I/lM=T e . 

Inflation among 7(1) defines two functors 

nflTf : T Mod -> /-Mod; 
infl^) : T W - Mod / w - Mod. 

Proposition 7.1. TTie functors ind 7 (f) o infl^-jf) and infl^- o ind^- ( «) are isomor- 
phic. 
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Proof. Let (n, V) be in T^> — Mod. indj (J >) o infl^-(j) (V) consists of all maps 

/ : J -> V such that f(i W i) = 7r(iW)/(i) for all i (i) 6 7 (£) , i G I, 

where = 9(i^) and where i € I acts by / i— > f(~i). infl^- o ind^(f) (V ) on 
the other hand consists of all maps 

<p:T->V such that tp(t®t) = n(t^)ip(t) for all 6 T {l \t e T, 

where i € I acts by ip i— ?> (p(^i). It is clear that the assignment ip (p o 6 gives 
rise to the desired isomorphism. □ 

Proposition 7.2. Lei r k a (locally) profinite group, H a normal compact 
subgroup such that T/H is a finite i-group. If x is an H -character which admits 
a continuation to T, then ind^(x) is indecomposable. 

Proof. Denote the continuation by x, then we have ind^(x) = X ® m d#(l) by 
[19], I.5.2.d. It is an elementary observation that indjj(l) = i?[_ff\r], where 7 S 
r acts on i?[_ff\r] by multiplication with 7 -1 from the right. By Brauer theory, 
i?[i/\r] is indecomposable. (H\T is a finite €-group, hence its group-algebra 
decomposes into indecomposable blocks, and there is a 1-to-l-correspondence 
between these blocks and ^-regular classes. There is only the trivial ^-regular 
class.) □ 

Lemma 7.3. ind m (x«) is the projective cover of Xi o,nd incLw*) fe) is the 
projective cover ofxi- 

Proof. The induced representation is projective (see also [19], 1.4.6, in the Z* - 
case) and admits x.i (resp. Xi) as a quotient. By the above proposition it is also 
clear that it is indecomposable. This is sufficient to conclude the statement by 
[32], A.4. □ 

Now the preceding results yield 

w ptf,*)] e j^(G,I^,x\I W )-Mod 

and 

JP{G, i [l \x\i (i) ) = ^(Q P , (%*) {e \xi) ® ^T(Qp, (Z p x ) w , X2) 



- (g) i?[Q p /(Z p x )W 

two copies 

Q p /(Z*) (e) ] -Mod £ Unipotent block of 9l(GLi(F)) . 



30 



References 



[1] Michael Aschbacher, Finite group theory, vol. 10, Cambridge University 
Press, 2000. 

[2] Z.I. Borevich and P.V. Gavron, Arrangement of young subgroups in the 
symmetric group, Journal of Mathematical Sciences 30 (1985), no. 1, 1816— 
1823. 

[3] Nicolas Bourbaki, Algebra 1; elements de mathematique: algebre, chapitres 
1 a 3, 2. print, ed., Springer, Berlin u.a., 1989. 

[4] Nicolas Bourbaki, Commutative algebra, chapters 1 - 7., softcover ed. of 
the 2. printing 1989. ed., Elements of mathematics, Springer, Berlin u.a., 
1998. 

[5] Jonathan Brundan, Richard Dipper and Alexander Kleshchev, Quantum 
linear groups and representations of GL„(F (? ), Memoirs of the American 
Mathematical Society, part 706, American Mathematical Society, Provi- 
dence, RI, 2001. 

[6] Daniel Bump, Automorphic forms and representations, vol. 55, Cambridge 
University Press, 1998. 

[7] Colin J. Bushnell and Philip C. Kutzko, The admissible dual of GL(n) via 
compact open subgroups, Princeton University Press, 1993. 

[8] Colin J. Bushnell and Philip C. Kutzko, Smooth representations of reduc- 
tive p-adic groups: structure theory via types, Proceedings of the London 
Mathematical Society 77 (1998), no. 3, 582. 

[9] Colin J. Bushnell and Philip C. Kutzko, Scmisimple types in GL„, Com- 
posite Mathematica 119 (1999), no. 01, 57-106. 

[10] Jean- Francois Dat, Types et inductions pour les representations modulaires 
des groupes p-adiques, Annalcs scicntifiques de l'Ecole normale superieure 
32 (1999), no. 1, 1-38. 

[11] David- Alexandre Guiraud, Jacquet's functors in the representation the- 
ory of reductive p-adic groups, Diploma thesis, Georg-August-Universitat 
Gottingen, 2009. 

[12] R.B. Howlett and G.I. Lehrer, On Harish-Chandra induction and restriction 
for modules of Levi subgroups, Journal of Algebra 165 (1994), no. 1, 172- 
183. 

[13] Thomas W. Hungerford, Algebra, volume 73 of graduate texts in mathe- 
matics, Springer- Verlag 233 (1974), 234-235. 

[14] Jens Carsten Jantzen and Joachim Schwermer, Algebra, Springer- 
Lehrbuch, Springer, Berlin u.a., 2006. 



31 



[15] Gregory Karpilovsky, Induced modules over group algebras, North Holland, 
1990. 

[16] Ralf Meyer and Maarten Solleveld, Resolutions for representations of reduc- 
tive p-adic groups via their buildings, Journal fur die reine und angewandtc 
Mathematik 647 (2010), 115-150. 

[17] Rachel Ollivier, Parabolic induction and Hecke modules in characteristic p 
for p-adic GL(n), preprint (2009). 

[18] Richard S. Pierce, Associative algebras, volume 88 of graduate texts in 
mathematics, Springer, 1982. 

[19] Marie-France Vigneras, Representations l-modulaires d'un groupe reductif 
p-adique avec I =/= p, Birkhauser, 1996. 

[20] Marie-France Vigneras, Induced R-representations of p-adic reductive 
groups, Selecta Mathematica, New Series 4 (1998), no. 4, 549-623. 

[21] Marie-France Vigneras, Irreducible modular representa- 
tions of a reductive p-adic group and simple modules for 
Hecke algebras, Personal website, 2000, Available online at 



http://www.math.jussieu.fr/~vigneras/vigneras.ecm.pdf visited on 



May 31st 2011. 

[22] Marie-France Vigneras, Schur algebras of reductive p-adic groups, I, Duke 
Mathematical Journal 116 (2003), no. 1, 35-75. 



32 



